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Geodesic motion in traversable Schwarzschild and Kerr thin-shell wormholes is studied. The 
orbits are calculated exactly in terms of elliptic functions and visualized with the help of embedding 
diagrams. 
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I. INTRODUCTION 

The idea to travel in the twinkling of an eye from 
one region of the Universe to another, no matter how 
far, or even to travel in time has been fascinating peo- 
ple since many years. Wormholes are believed to make 
such dreams possible. The first solution providing such a 
saught for connection between distant locations was dis- 
covered by Einstein and Rosen [l|, the Einstein- Rosen 
bridge. Wheeler gave it the name wormhole 0- But 
unfortunately this first wormhole was not traversable Q . 

For Sagan's novel "Contact" Morris and Thornc de- 
vised a wormhole which could in principle be traversed 
by humans [J]. Visser 0, [|| provided further exam- 
ples of traversable wormholes. In particular, he con- 
structed such wormholes by surgically manipulating the 
Schwarzschild spacetime so that no event horizon was 
present. In both cases, the price to pay is the need for an 
exotic form of matter that must be present at the throat 
of such wormholes. Moreover, such wormholes should be 
stable if they are traversable. Visser Q stressed that cer- 
tain equations of state would lead to stable wormholes. 

The material comprising the throat of the wormhole 
was addressed in many scientific works and is still an 
active field of research. For example, a phantom scalar 
field was discussed in 'tachyon matter' as a source 

term in the field equations with a positive cosmologi- 
cal constant was studied in [l2|, or the wormhole ge- 
ometry with a Chaplygin gas in the exotic equation of 
state was explored in [l3[. An interesting discussion of 
a perfect fluid and an anisotropic fluid as candidates for 
the exotic matter was given in [l4| . Estimates on the 
amount of exotic matter necessary for the traversability 
were given in [l5j . A combined model comprising ordi- 
nary and quintessential matter can support a traversable 
wormhole in Einstein-Maxwell gravity as shown in llal . 
Further references can be found in the book of Visser [17| 
and in the overview by Lobo [l8j . The appearance of 
wormholes in string theory was investigated in [l9l [20j . 

Stable spherical wormholes which do not need any form 
of exotic matter for their existence were recently obtained 
numerically in dilatonic Einstein-Gauss-Bonnet theory in 
four spacetime dimensions [H|,[HI]. Besides their stability 
the authors studied their domain of existence, they inves- 
tigated their geodesies, determining the possible types of 
trajectories, and performed a study of the acceleration 



and tidal forces that a traveler crossing such a wormhole 
would feel. Further numericall y o btained configurations 
of wormholes were explored in [23l |2~H , where wormholes 
were filled by a perfect fluid (ordinary matter) and a 
phantom scalar field. This model was applied to describe 
stars as well as neutron stars with a nontrivial topology. 

A comprehensive investigation of the geodesies in 
the Morris- Thorne wormhole spacetime was carried out 
in [25j . where for visualization of the trajectories em- 
bedding diagrams were constructed. Moreover, gravi- 
tational lensing and illumination calculations were ad- 
dressed. Further properties of the propagation of parti- 
cles and fields in static spherically symmetric wormhole 
spacetimes were studied in (26j . 

Rotating wormholes are a natural generalization of the 
initially studied, static spherically symmetric wormholes, 
that are interesting from a physical point of view. For 
instance, one can construct a thin-shell rotating worm- 
hole 14 1 by the same cut- and- paste method @ used for 
the thin-shell static wormhole. On the other hand, gen- 
eralizations of the Morris-Thorne wormhole Q were pre- 
sented by Too [27J and Kuhfittig (2||. These wormholes 
are traversable and due to the rotation and a possible 
ergoregion (for not too wide a throat) an extraction of 
energy by the Penrose process is possible. Slowly rotat- 
ing wormholes with a phantom scalar field were studied 
in [29|, [3(| ■ The electromagnetic field generation around 
rotating wormholes surrounded by charged particles was 
studied in 



311 ] . In [32| a class of rotating and magne- 



tized wormholes with Einstein— Maxwell and phantom 
fields was explored. 

The conversion of a wormhole into a time machine, the 
problems appearing thereby and accompanying physical 
effects were discussed in [3314351 ]. The associated prob- 
lems of causality violations were addressed in (§5 , l37| . 

In this article we study the motion of massive and 
massless particles in thin-shell Schwarzschild and Kerr 
wormhole spacetimes, constructed by the cut-and-paste 
method @, 0] • Thus the paper contains two main sec- 
tions. Section |TT] explores the dynamics of null and time- 
like geodesies for static spherically symmetric thin-shell 
wormholes and Section Mil - the geodesies for rotating 
thin-shell wormholes. We also study the influence of the 
ergoregion, existing for sufficiently thin throats, on the 
properties of the orbits. The trajectories are given by 
exact analytical solutions of the geodesic equations in 
terms of the Jacobi and Weierstrass elliptic functions. 



2 



II. SCHWARZSCHILD WORMHOLE 

We start with the geodesic equation for a test particle 
in the equatorial plane (see e.g. f38T - l4fjl ]) 
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dtp 
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where E is the dimensionless energy of a test particle, L 
is its dimensionless angular momentum, 8 = for null 
and 8 = 1 for time-like geodesies. The radial coordinate 
r is normalized to 2M and is also dimensionless. 
The substitution r = u^ 1 reduces ((T|) to the form 
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where J2 l= i v i = °> 53 = 4«iV 2 U3 and g 2 = 4w| - Av x v 2 . 

The second transformation v — (v 2 — vi)t~ 2 + v\ 
turns ([3]) into 
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is a constant which can be expressed in terms of the pe- 
riods of sn{x), and (po is the initial value of (p. 
We then get the function r(<p): 
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was also applied by Kashgarin and Sushkov [l4| for 
the constuction of the Kerr thin-shell wormhole (see 
Sec. MI A[) . The procedure is as follows: we cut the 
Schwarzschild spacetime outside the event horizon h = 1 
at some value of the radial coordinate bo, where bo is 
now the throat parameter and bo > h. Gluing two copies 
of the asymptotically flat region r > bo, which are then 
connected by a wormhole with the throat hypcrsurface 
S, we obtain a geodesically complete manifold. The co- 
ordinate |/| = \r — bo\ such that I G (— oo, oo) then covers 
the whole spacetime (the upper and the lower universe). 
The throat of the wormhole is located at I = 0. 

To visualize the topology of the wormhole we consider 
a two-dimensional hypersurface (t = const, <d = 7r/2) [25| . 
Embedded into the Euclidean space with the cylindrical 
coordinates (r, tp, z) 



The differential ^ is elliptic of the first kind and can 
be integrated by Jacobi elliptic functions. To reduce it 
to the standard form we make two transformations. The 
first one u = Av + | transforms ([2]) into the Weierstrass 
form 



z{r) = 2Vr - 1 - 2^/bo - 1 



(8) 



this hypersurface leads to the embedding diagram visu- 
alized in Figj2] (In the next section we discuss the orbits 
in the thin-shell Schwarzschild-wormholc spacetime and 
show an example for the embedding diagram of an orbit .) 



B. Geodesies 

We start with the effective potential defined by the 
expression [38j 



1 



(9) 



where m 2 = (V3 — vi)(v 2 — vi) -1 , and m is the modulus 
of the Jacobian elliptic functions [42[ . 

With Jacobi's elliptic function sn(x) we find from (UJ) 
t as a function of ip: 



Figure Q] shows examples of the effective potential for 
massive test particles with 8=1 for different values of 
bo- Here the coordinate I was used. The following types 
of orbits exist in the Schwarzschild-wormholc spacetime 
for massive test particles: 

Type A two-world escape orbit TWE which connect two 
parts of the Universe. These orbits would be ending 
at the singularity in usual Schwarzschild spacetime. 

Type B two-world bound orbits TWB when a test particle 
moves on a bound orbit stretching from one into 
another part of the Universe. This orbit connects 
the upper and lower parts of the universe similar 
to the orbit of type A. 

Type C this type contains two possible orbits: two-world 
bound TWB and escape orbits EO. EOs exist in 
both parts of the Universe. For growing values of 
the throat parameter bo this type reduces to Co 
containing only EOs. See Fig 1(b) 



A. Construction of the wormhole and embedding 



Type D this type includes two-world bound TWB and 
bound orbits BO. BOs exist in both parts of the 
Universe. Here again D reduces to type D for 
To obtain the Schwarzschild thin-shell wormhole we gro wing values of the throat parameter b . See 

follow the 'surgery'-method of Visser HQ. This method Fig|l(b)| 
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For large &o _va lu cs only orbits of type B and A survive 
(Fig 1(c) |. For very large values - only type A is possible. 



1(d) shows a set of potential plots for large L 



Figure '. 

9, when no planetary bound orbits are possible (also in 
the Schwarzschild black hole spacetime), and different 
values of the throat parameter bo- 

Geodesies of massive test particles described by the 
solution ([7]) are shown in FigfJJ In this Figure, the two- 
world bound TWB orbit [(a)] and the bound orbit BO [(b)] 
correspond to type D. The two- world bound TWB or- 



bit (c) and the escape orbit EO (d) are of ty pe C, and 
the two- world-escape orbits TWE]^ and [(f)] are of type 
A. The orbits arc embedded into the three-dimensional 
space with the coordinates (x, y, z), where x = rcos(y), 
y = rsin(ip), and r and z are given by ([7]) and ((8]) corre- 
spondingly. 

a. Geodesies for 5 — 0. Similar to the Schwarzschild 
black hole spacetime no planetary bound orbits exist in 
the Schwarzschild thin-shell wormhole spacetime. The 
orbits of type A (two- world escape TWE), B (two- world 
bound TWB) and C (two-world bound TWB and escape 
EO) are possible. We show some examples in Figj3] 



III. KERR WORMHOLE 

Geodesic motion of a test particle in the equatorial 
plane is described by the equation [38| 



r 2 (a 2 E 2 -L 2 )-SAr 2 



r(aE-L)(lO) 
(11) 



where E and L are again dimcnsionlcss conserved energy 
and angular momentum, a is a dimensionless rotation 
parameter. A = r 2 + a 2 — r, 5 is zero for null geodesies 
and is one for time-like geodesic, 7 is the proper time. 
The radial coordinate is again normalized to 2M. 

The ergosphere for the equatorial plane is located at 
r = 1. The vanishing of A defines the two horizons of 
the Kerr spacetime: hi ,2 = (1 T vl — 4a 2 )/2. 

b. Radial equation. By the transformation r = 
^3(43/ — a2/3)~ 1 , the equation (fit)]) reduces to the Weier- 
strass form 14211 



4y 3 - v 2 y -u 3 = Pi{y) , 



(12) 



where V2 = — a iQ3)/4 and v 3 = 0^203/48 — 

0003/16 — 02/216. The coefficients a, read: 

o 3 = (aE - L) 2 , o 2 = a 2 (E 2 - 5) - L 2 , 

ai = 5, o = E 2 -5 . (13) 



The solution of the differential equation (|T2j) is the 
Weierstrass p- function y = p(fy — 7'), where 7' = 70 + 
J^(4:y 3 — i/2V — v?,)~ 1 l 2 dy is a constant defined by the 



initial conditions of the geodesic. With this result, the 
final solution for the coordinate r yields: 



3a 3 



12^(7-7') -o 2 



(14) 



c. Azimuthal equation. The transformation r = 
03(4?/ — 02/3) -1 , reduces the equation (fTT|) to a sum of 
two differentials of the third kind: 



Ki dy 



where the constants K\ and K2 are defined as 



R = (-I)'' 1 o 3 L (aE - L)(2a 2 )-i 



(15) 



Vl - 4o 2 4 



;i + (-l) l -Vl-4o 2 )" 



(16) 
and i = l,2. 

To proceed, we introduce w = 7 — 7' and replace y 
in (|15p by y = p(w). This yields 



Ki 



1 P(w) - Py, 



dw , 



(17) 



where p Vil i = 1,2, is defined by the equation p Vi = 

The integration of p7j) in terms of elliptic £ and a 
functions reads I42h451 



+ f K t ( 



2((w Vi )(w - w ) 

+ m °(™-w Vi ) _ ln (r(w - w yi ) \ 
a(w + w Vi ) a(w + w yi )J 

where u>o = w(7o)- 



(18) 



A. Construction of the wormhole and embedding 

The throat of the Kerr wormhole lies behind the hori- 
zons: 60 > ^2- Following [l4| we assume that the thin- 
shell Kerr-wormhole with the throat parameter bo does 
not depend on the proper time and, thus, is constant. 
Similar to the Sec. Ill AI we use the surgery method to 
construct the thin-shell Kerr-wormhole. Namely, we cut 
the Kerr spacetime at some bo > hi and glue two copies 
of the manifold A/1,2 = (t, r, #, <p\r > bo) onto each other. 
Identifying the boundaries of these copies we get a new 
geodesically complete manifold with two regions con- 
nected by a wormhole with the throat characterized by 
the parameter 60 ■ The new coordinate |Z| = \r — bo\ run- 
ning from —00 to 00 and vanishing at the throat is a prac- 
tical coordinate to portray the effective potential (f2"2")) 
(see FigHand FigiUm the SecifflB]). 
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FIG. 1: The effective pote ntial (cq. {9j) in the Schwarzschild wormhole spacetime for (5—1. Filled regions in |(a)j(c)| mean forbidden energy 

values. Only in |(d)| wc did not color the forbidden regions in order not to overcharge the picture. For a growing throat of the wormhole 

no planetary bound orbits exist. The orbit of type A corresponds to the two-world escape orbit passing through the upper and lower 
parts of the Universe. The orbit of type B is a two-world bound orbit. The orbits of type D include planetary bound orbits, and orbits of 
type C include escape orbits in both parts of the Universe. For details sec Sec. Ill Bl 



To understand the Kerr-wormholc topology for the 
equatorial plane motion described by the functions (|14p 
and (fT8|) . consider the two dimensional hypersurface 
(t = const, ■§ = 7r/2) described by the geometry: 



dso = —rdr 2 
A 



a 
r 



dip 2 



A 



dr 2 + R 2 d(p 2 



where R 2 



and A 



(19) 



This 



two-dimensional hypersurface can be embedded into the 



Euclidean space given by 
ds E = dR 2 + R 2 dip 2 





R 2 dip 2 



(20) 



in the cylindrical coordinates (r, <p, z). 

Comparing the coefficients by dr 2 in (|19| and (|20|) we 
find that the shape of the embedding diagram in the Eu- 
clidean space is given by the integral 



z(r) 




(2r' a - a 2 ) 2 



Ar'^r' 6 + a 2 (r> + 1)) 



dr' (21) 




(a) L = 4.5, E = 0.949. TWB. (b) L = 4.5, E — 0.949. BO. (c) L = 7.3, E = 

1.451867. TWB. 




(d) L = 7.3, E = 1.451867. EO. (c) L = 4.3, E = 1.04. TWE. (f) L =9,E =3. TWE. 



FIG. 2: Orbits of a test particle with (5—1 for different values of angular momentum and energy in the thin-shell Schwarzschild wormholc 

spacctimc. The two-world-bound (TWB) and two-world-cscapc (TWE) orbits extend from the upper to the lower part of the Universe 

connected by a wormholc with throat parameter bo — 1.01. 





(a) L 2 = 4.5, E 2 = 0.6665. TWB. (b) L 2 = 4.5, E 2 = 0.6665. EO. (c) L 2 = 4.5, E 2 = 0.6667. TWE. 



FIG. 3: Orbits in the thin-shell Schwarzschild wormholc spacctimc for a masslcss test particle (<5 — 0). The two-world-bound (TWB) and 

two-world-escape (TWE) orbits arc located in the upper and lower parts of the Universe which are connected by a wormholc with throat 

parameter fco — 1.01. 



and is visualized in FigJH] (to the discussion of the orbits B. Geodesies 

we will come in the next section). 



The effective potential in the Kerr spacetime reads [35 



aL± y/rA (rL 2 + S (r 3 + a 2 (r + 1 ))) 
r 3 + a 2 (r + 1) 



(22) 
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Its graphical representation is shown in FigJH where the 
coordinate |Z| = \r — bo\ is used. 

The orbit types in the thin-shell Kerr-wormhole are 
very similar to those in the thin-shell Schwarzschild- 
wormholc. Namely, 

Type A two-world escape orbit TWE which connects two 
regions of the Universe. In the Kerr black hole 
spacetime this orbit would continue into the nega- 
tive radial coordinate region. 

Type B two- world bound orbits TWB. A test particle 
moves on a bound orbit which is partly located in 
the lower (respectively, upper) Universe, so that, a 
particle flies through the throat. 

Type C here two-world bound TWB and escape orbits EO 
are possible. EOs exist in both parts of the Uni- 
verse. For growing values of the throat parameter 
60 this type reduces to Co containing only EOs. See 
Fig|4(c71 



for the TWE orbit. The ergoregion in the Kerr worm- 
hole spacetime surrounds the throat. The corresponding 



embedded orbits are shown in |(b)| and (e) 



Type D two-world bound TWB and bound orbits BO arc 
possible. BOs exist in both parts of the Universe. 
For growing values of the throat parameter bo the 
typ e D reduces to D containing only BOs (see 
Fig|4fcfl. 



For a further growing throat parameter bo , TWB (type 
B) and TWE (type A) exist (sec Fig |4(d)[ ). For larger 
bo only the TWE (type A) orbits remain. In Fig(5] we 
make L (in (a)) and a (in |(b)[ ) change. In the first case, 
similar to the Kerr black hole spacetime, for large an- 
gular momenta of a test particle no planetary bound or- 
bits exist. In the second case the form of the effective 
potential transforms when a tends to the critical value 
Q-crit = 0.5 when the horizons in the Kerr black- hole 
spacetime merge. 

We illustrate these orbit types in Figs[6]and[7j Fig. [7j 
plotted for opposite signs of the rotation parameter of the 
wormhole and the angular momentum of a test particle, 
also shows the influence of the ergosphere. It can be rec- 
ognized in the directional change taking place shortly be- 
fore the black circle is approached, which symbolizes the 
wormhole throat in the pictures (a) for the TWB and|(d)| 



d. Geodesies for 5 = 0. Like in the Kerr black hole 
spacetime no planetary bound orbits exist in the Kerr 
thin-shell wormhole spacetime, and only the orbits of 
type A (two- world escape TWE), B (two- world bound 
TWB) and C (two- world bound TWB and escape EO) 
can be found. Figj8] visualizes some orbits for corotat- 
ing massless test particles and FigJ5]for counterrotating 
ones. In the last case a particle is dragged into the di- 
rection of wormhole rotation in the vicinity of ergosphere 
which is best seen in the projections 9(a) for the embed- 
ded two-world bound orbit 
two-world escape orbit (e) 



(b) and 9(d) for the embedded 



IV. CONCLUSION 

We have studied the motion of massive and mass- 
less test particles in the Schwarzschild and Kerr thin- 
shell wormhole spacetimes. These traversable worm- 
hole spacetimes were constructed by the cut-and-paste 
method and represent geodesically complete manifolds. 
The solution of the geodesic equations is given analyt- 
ically in terms of elliptic Jacobi and Weierstrass func- 
tions. Planetary bound orbits exist only for not too wide 
a throat of the wormhole in both cases. If the throat is 
sufficiently narrow (i.e. the throat parameter is chosen to 
be smaller than the ergosphere), a test particle is dragged 
into the direction of the wormhole rotation in the vicinity 
of the ergosphere. Here extraction of energy due to the 
Penrose process is possible. 
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FIG. 6: Orbits for a test particle with 5 — 1 for different values of angular momentum and energy in the thin-shell Kerr wormholc spacctime. The 
two-world-bound (TWB) and two- world-escape (TW E) orbit s stretch across th e two reg ions of a Universe connected by a wormhole with 
throat parameter bo — 0.99 in l |(a)j(c)j l and 6q — 0.96 in ( |(d)|(c)1 >. Kerr— paramcrcr a — 0.2. 
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(a) E = 0.96492, L = -2.1. TWB. (b) E = 0.96492, L = -2.1. TWB. (c) E = 0.96492, L = -2.1. EO. 




(d) E — 1.01, L — —2.1. TWE. (c) E — 1.01, L = —2.1. TWE. 



FIG. 7: Orbits for a test particle with 5 — 1 f or different values of angular mo men tum and energy in the thin-shell Kerr wormholc spacctimc. 

Kerr— paramcrcr a — 0.4. The orbit [(a)] is the x-y projection of the orbit [(b)] The black circle is the throat bo — 0.81. A test particle with 
the negative value of the angular momentum is dragged in the direction of th e Ke rr- wormholc rotation. This happens in the vicinity of 
the ergoregion which surrounds the throat of the wormhole. The third orbit |(c)| is a bound orbit for the s ame E- and L-values. The 
described dragging can be also seen in the orbit shown in |(c)| and its x-y projcction|(d)| 




FIG. S: Orbits for a masslcss test particle (S — 0) in the thin-shell Kerr wormhole spacetime. Kerr— paramcrcr a — 0.49. Ploi |(a)| shows a 

two-world bound orbit and plo ^(b)| two escape orbits in the upper and lower parts of the Universe. Plol j(c)| shows a test particle moving 
in the upper and lower parts of the Universe on a two-world escape orbit. Here bo — 0.61. 
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(a) E = 0.4306, L = -1.5. TWB. (b) E = 0.4306, L — (c) E = 0.4306, L = -1.5. EO. 

-1.5. TWB. 




(d) E — 0.4307, L — —1.5. TWE. (c) E — 0.4307, L — —1.5. TWE. 



FIG. 9: Orbits in the thin-shell Kerr wor mhol c spacctimc for a masslcss test particle (<5 — 0) when a particle and a wormholc are countcrrotating. 

Kerr— parameter a — 0.4 9. Plo< j(b)| shows a tw o- world bound orbit an d plo lj(c)| two escape orbits in the upper and lower parts of the 
Universe. The picturt [(a)| is a projection of |(b)| onto the x-y plane. Plot ^(d)| and ](c)| show a two- world escape orbit extending over upper 

and lower parts of the Universe. Here bo — 0.609. 



